The tools of presymplectic geometry are used to study light rays trajectories in anisotropic media.
Z B
A n ds = 0:
The refractive index of the medium is given by the quotient n = c v , and then physics tell us that n > 1.
In a recent paper 3] we analysed from a geometric perspective the relationship for the case of isotropic media of the problem of determination of extremal curves for (1) with that of geodesics of a Riemannian metric conformal to the Euclidean metric. We will consider here the case in which the medium is not isotropic but it may depend on the velocity, or more speci cally, on the direction of the ray. In this last case the problem cannot be reduced to a problem of Riemannian geometry as it happened when the refractive index n only depended on the position. So, the techniques of Presymplectic geometry are unavoidable for dealing with this dependence of the refractive index with the ray direction.
To begin we remark the strong similarity of Fermat's principle with the more traditional Hamilton's principle of Classical Mechanics, with a Lagrangian function given by L = n q g(v; v): (2) This Lagrangian function is di erentiable only in the set of velocity phase space obtained by removing the null velocity points, i.e., the zero section of the tangent bundle. Moreover, the Lagrangian L is homogeneus of degree one, v i @L @v i = L; (3) and consequently the corresponding energy function vanishes identically. Therefore the Lagrangian is singular, because taking derivatives with respect to v j of both sides of the preceding equation we obtain @ 2 L @v i @v j v i = 0; (4) and then the Hessian matrix W ij = @ 2 L @v i @v j (5) is singular. The theory should be carefully reexamined using the tools of Presymplectic Geometry, as it was done in 3] for the isotropic media, where the tools of Riemannian Geometry were shown to be very useful. Actually, it is possible to show that in the latter case the solution curves for the regular Lagrangian system described by the regular Lagrangian L = 1 2 n 2 g(v; v) (6) are just the curves solution of the original problem, even if the curves are reparametrized (see e.g. 4] and references therein). Our aim is to analyse what happens in the more general case in which the refractive index can depend on the ray direction, i.e., the refractive index is a homogeneous function of degree zero of velocities in the set obtained by removing the zero section of the velocity phase espace. The geometric approach to Lagrangian Classical mechanics uses as velocity phase space the tangent bundle TM of the con guration space M that is assumed to be a di erentiable manifold of dimension N. From now on we will follow the notation used in 5]. The tangent structure is characterized by a (1; 1){tensor eld called vertical endomorphism S that in terms of natural coordinates (q i ; v i ) of the tangent bundle TM is given by S = @ @v i dq i :
Given a function L 2 
As indicated above, when the refractive index n does not depend on velocities the 2{form ! L is regular. In this more general case, however, it may be singular, because (14) and then ! L^N can be identically null and in this case L would be singular. In the following we will restrict ourselves to the case in which L is regular and therefore there will be a uniquely de ned vector eld ? L such that
and
First we check that the Liouville vector eld lies in ker ! L . Indeed,
and taking into account that is vertical and L semibasic, the last term vanishes. Moreover,
and therefore, taking into account that L = 2L = L 2 we nd that
Secondly, ? L is also in the kernel of ! L , because
and ? L being a SODE,
and therefore i(? L )! L = 0: (22) Finally under the assumption that L is regular, ker ! L is generated by and ? L . Indeed, given a vertical vector eld V 2 ker ! L , then,
and as ! L is assumed to be regular, V should be proportional to . Then, dimV (ker ! L ) = 1 and because of the relation dim(
Under these circumstances is possible to apply the reduction theory of presymplectic manifolds, following the ideas developed by Marsden and Weinstein 8] . Presymplectic structures may arise either when using some constants of motion for reducing the phase space or also when the Lagrangian that has been chosen is singular. Then we will have a pair (P 0 ; 0 ) where 0 is a closed but degenerate 2{form. A consistent solution of the dynamical equation can only be found in some points, leading in this way to the nal constraint submanifold P introduced by Dirac (see e.g. 9]). The pull back of the form 0 on this manifold will be assumed to be of constant rank. The recipe for dealing with these systems was given by Marsden and Weinstein 8] . First, in every point m 2 P, ker m is a k{dimensional linear space, so de ning what is called a k{dimensional distribution. The important point is that closedness of is enough to warrant that the distribution is integrable (and then it is called foliation): for any point m 2 P, there is a k{dimensional submanifold of P passing through m and such that the tangent space at any point m 0 of this surface coincides with ker m 0 . Such integral k{dimensional submanifolds give a foliation of P by disjoint leaves and in the case in which the quotient space e P = P= ker is a di erentiable manifold, then it is possible to de ne a nondegenerate closed 2{form e in e P such that e e = . Here e : P ! e P is the natural projection. It su ces to de ne e (e v 1 ; e v 2 ) = (v 1 ; v 2 ), where v 1 and v 2 are tangent vectors to P projecting under e onto e v 1 and e v 2 respectively. The symplectic space ( e P; e ) is said to be the reduced space. We will illustrate the method nding coordinates adapted to the distribution de ned by the kernel ker ! L of the presymplectic structure de ned by the singular optical Lagrangian in the case of a system in which either the index n depends on the third coordinate x 3 alone or the very interesting case in which the system is anisotropic and n is a function of the ray direction. We will determine the quotient reduced space and we will look for Darboux coordinates in this reduced symplectic manifold. Once Darboux coordinates have been found we can consider the problem from the active viewpoint and take advantage of the algebraic methods recently developed for computing aberrations (see e.g. 10]).
Let us now consider the most general isotropic case in which the refractive index of the medium is not constant but it is given by a smooth function n(x 1 ; x 2 ; x 3 ). Fermat's principle suggests us to consider the corresponding mechanical problem described by a singular Lagrangian L(q; v) = g(v; v)] 1=2 , where g is a metric conformal to the Euclidean metric g 0 , g(v; w) = n 2 g 0 (v; w):
This problem was analysed in 6] where, as above is cited, it was shown that its study can be reduced to that of a regular Lagrangian L = 
with g ij being the inverse matrix of g ij .
In the particular case we are considering where g(v; w) = n 2 g 0 (v; w), it was also shown above that the kernel of ! L is two{dimensional and it is generated by ? L and the Liouville vector eld . The explicit computation of these functions depends very much on the choice of the function n(x 1 ; x 2 ; x 3 ). We will illustrate next the theory with an particular example. If n only depends on x 3 , the presymplectic form can be written in the way 
After some calculations we nd the solution of the former systems (see 3]). According to this, we will do the following choice for the new coordinates: 
in full agreement with 13]. Therefore, for an optical system such that the refractive index depends only on x 3 and, furthermore, the region in which the index is not constant is bounded, we can choose Darboux coordinates by xing a x 3 outside this region and taking Darboux coordinates for the corresponding problem of constant index. This justify the choice of coordinates as usually done for the ingoing and outgoing light rays in the corresponding constant index media, i.e. it shows the convenience of using at screens in far enough regions on the left and right respectively, and then this change of Darboux coordinates seems to be, from an active viewpoint, a canonical transformation (see 14] ). We will next nd the symplectic structure arising in an anisotropic optical medium, as well as some Darboux coordinates for it. We recall what we are only considering anisotropic media for which the refractive index depends only on the ray direction, i.e., n = n(v) but n = 0. In this case the presymplectic form remains as 
Moreover, in the reduction of the presymplectic form we must point out that the condition n = 0 is written in the new coordinates as @n @y 3 = 0. Finally, using the change of coordinate former, we get after some calculations the following symplectic form in the quotient manifold e ! L = d 
which is in full agreement with 13]. As a nal comment, let us remark that, even in this case, if we restrict ourselves to a region of constant index, we recover the Darboux coordinates for constant index medium and we can think of the relation betwen the ingoing and outgoing light rays as a change of Darboux coordinates. Therefore this change of Darboux coordinates seems to be again, from an active viewpoint, a canonical transformation. The transformations of phase space will be, in general, non lineal, i.e., they generate optical aberrations. It is possible, nally, to analyse these aberrations using both group theoretical and Lie algebraic tools (see 10], 13], and references therein).
